Abstract. This paper is a contribution to portfolio efficiency testing using DEA-risk models and stochastic dominance (SD) criteria. Basically, we compare several approaches to portfolio efficiency based either on Data Envelopment Analysis (DEA) or stochastic dominance relations. In the DEA methodology, the efficiency score is defined as a weighted sum of outputs compared to a weighted sum of inputs when optimal weights are used. In our DEA-risk efficiency models, several risk measures and functionals which quantify risk of the portfolios are used as the inputs. Mean return is considered as the only DEA output. Moreover, we consider models with constant return to scale (CRS), variable return to scale (VRS) as well as diversification consistent (DC) DEA models. Using stochastic dominance criteria, we test three different efficiency classifications: pair-wise stochastic dominance efficiency, convex stochastic dominance efficiency and stochastic dominance portfolio efficiency. Since we consider only risk averse decision makers, we focus on second-order stochastic dominance (SSD) criterion in all SD efficiency tests. In the empirical application, we test the efficiency of 48 US representative industry portfolios using all considered DEA-risk models and SSD tests. We compare the efficiency sets and we show that results of VRS DEA-risk model with Conditional Value at Risk at several different levels as the inputs correspond to results of convex SSD efficiency testing. Moreover, the DC DEA-risk model identifies the same efficient portfolio as the SSD portfolio efficiency test.
Introduction
The basics of decision-making theory were presented in the seminal work of Harry Markowitz (1952) . In this case, the portfolio is seen as efficient if there is no better portfolio, i.e., a portfolio with a higher mean and smaller variance. In the last 60 years, the theory of mean-risk models has been enriched by other risk measures, for example, semivariance, see Markowitz (1959) , Value at Risk (VaR) or Conditional Value at Risk (CVaR), see Pflug (2000) , Rockafellar and Uryasev (2000) .
More advanced application of risk measures in portfolio efficiency were introduced in Data Envelopment Analysis (DEA) models. The general DEA notion introduced in Charnes, Cooper and Rhodes (1978) or Banker, Charnes, Cooper (1984) and recently summarized in Cook and Seiford (2009) can use various portfolio characteristics as inputs or outputs. For example, Funari (2001, 2003) , Chen and Lin (2006) , Murthi, Choi and Desai (1997) , Daraio and Simar (2006) or Galagadera and Silvapulle (2002) applied DEA models to mutual fund performance analysis. Recently, Branda and Kopa (2012) formulated DEA-risk models with risk measures as inputs and mean gross return as the output. These DEA-risk models can be seen as a generalization of mean-risk models, because they allow for multiple risk measure application. Moreover, if only one input is considered, then DEA-risk efficiency implies mean-risk efficiency with respect to the considered risk measure.
Alternatively, one can adopt utility functions (von Neumann, Morgenstern (1944) ) for modelling an investor's risk attitude, especially in the maximising expected utility approach. If the utility function is perfectly known, one can find the optimal decision. If it is not the case, one can at least identify the set of efficient portfolios with respect to a chosen class of utility functions. Considering all utility functions, that is, assuming only non-satiation for the investor's preferences, leads to the first-order stochastic dominance (FSD) relation (see Levy (2006) and references therein). Usually, we assume that the decision maker is risk averse, what reduces the considered class of utility functions. The admissible utility functions for risk averse investors are the concave ones. Therefore, adding the risk aversion assumption leads to the second-order stochastic dominance rules. Using pairwise comparisons (e.g. Hanoch and Levy 1969) , an alternative (asset) is classified as SSD pairwise inefficient if there exists other asset that is pre-ferred by all risk averse decision makers. This is often very strong condition and even if it is violated, still the portfolio may be the optimal choice for no investor. Therefore, Fishburn (1974) defined the convex stochastic dominance efficiency as follows: an alternative is convex SSD inefficient (dominated by other alternatives) if every investor prefers at least one other alternative. Despite that, it does not cover the full diversification case if investors may combine assets in portfolios. Tests for SSD portfolio efficiency allowing full diversification across the assets were developed in Post (2003) , Kuosmanen (2004) , and Kopa and Chovanec (2008) . These tests classify a given portfolio as SSD portfolio efficient if there is no portfolio created from the assets that SSD dominates the portfolio. Alternatively, one can also apply FSD efficiency tests, see Kuosmanen (2004) and Kopa and Post (2009) . We focused on SSD efficiency because of its relation to CVaR, (see Ogryczak and Ruszczynski (2002) ).
In this paper we apply all of the above-mentioned approaches to efficiency analysis. We consider 48 US representative industry portfolios as the basic assets. We compare efficient portfolios selected according to different criteria: CRS DEA-risk efficiency, VRS DEA-risk efficiency, diversification-consistent DEA-risk efficiency, pair-wise SSD efficiency, convex SSD efficiency as well as SSD portfolio efficiency. Using 30 years history of monthly gross returns, we empirically examine the power of the considered efficiency approaches: the smaller an efficiency set is, the more powerful criterion is considered.
While mean-variance or FSD (SSD) efficiency tests are given precisely, the DEA-risk efficiency model can be constructed in various ways. Contrary to Basso and Funari (2001) or Murthi, Choi and Desai (1997), we do not consider the transaction costs connected with buying or selling the assets, because we rely only on mean and risk characteristics of the asset's returns. We choose mean absolute lower semideviation (MASd) and Conditional Value at Risk (CVaR) as the inputs, where CVaR is applied at several probability levels. The only output considered is mean gross return. These DEA-risk models classify an asset as efficient if the "total" risk is accurate to its mean gross return, where the total risk is described by a linear convex combination of the considered risk measures.
Contrary to Branda and Kopa (2012) , we consider both types of DEA-risk models: with constant return to scale and variable return to scale. Moreover, we present also diversification-consistent (DC) DEA models introduced in Lamb and Tee (2012) . Especially, a close relations between VRS DEA efficiency set and convex SSD efficiency set as well as between DC DEA efficient portfolios and (full) SSD efficient portfolios are empirically shown.
The remainder of this paper is structured as follows. Section 2 presents the preliminary notation and data specification. Section 3 shows the results of DEA-risk models. It is followed by results of SSD efficiency tests. Section 4 also presents an empirical comparison of considered types of efficiency. The paper is concluded in Section 5.
Data specification and preliminary notation
To compare the power of all considered efficiency tests (CRS DEA-risk efficiency, VRS DEA-risk efficiency, diversification-consistent DEA-risk efficiency, pair-wise SSD efficiency, convex SSD efficiency and SSD portfolio efficiency), we apply them to historical US stock market data. We consider monthly excess returns and mean absolute lower semideviation are used as the inputs and expected excess return as the output. Since we consider a discrete probability distribution with equiprobable scenarios in our application, CVaR of i-th asset at levelα can be computed using the following minimization formula (see Rockafellar and Uryasev (2000) ) 
DEA-risk efficiency results
In particular, we consider five DEA-risk models: variable return to scale DEA model with only CVaR inputs, variable return to scale DEA model with all inputs, constant return to scale DEA model with only CVaR inputs, constant return to scale DEA model with all inputs and diversification consistent DEA model with only CVaR inputs. Following Lamb and Tee (2012) we do not take into account mean absolute lower semideviation in the DC DEA model. Only 4 portfolios were classified as efficient by at least one DEA-risk model. All other portfolios can be seen as inefficient no matter which of the considered DEA-risk models is used. The list of these 4 portfolio is presented in Table 1 including the score values. As we expected, DC DEA-risk model is the most powerful and it classifies only portfolio with the highest mean return as efficient. Perhaps surprisingly, constant return to scale models identify only one efficient portfolio, too. However, it is not the same portfolio as in the DC DEA-risk case. Finally, models with variable return to scale classify 4 portfolios as efficient including two previous ones. Moreover, in VRS and CRS DEA-risk models, the influence of mean absolute lower semideviation as one of the inputs is very limited. Including mean absolute lower semideviation into the models may slightly change the efficiency score but not the efficiency classification.
SSD efficiency results
Finally, we test the efficiency of all 48 portfolios with respect to the second-order stochastic dominance criterion. We perform all three types of SSD efficiency tests: SSD pairwise efficiency test, convex SSD efficiency test and (full) SSD portfolio efficiency test. The results are summarized in Table 2 which presents the only 5 portfolios that are classified as efficient using at least one SSD efficiency test. As follows from the construction of tests, the largest efficiency set (5 portfolios) is identified by SSD pairwise efficiency test. Every of these portfolios has a property that no single portfolio strictly SSD dominates it. Moreover, we can see that "Drugs" portfolio is SSD pairwise efficient but not convex SSD efficient. It means that every investor prefers some other portfolio to "Drugs" but the preferred portfolios are different from each other. In particular, analyzing the solution portfolio of convex SSD test, we can find that every investor prefers either "Beer" or "Smoke" portfolio to "Drugs" one. Finally, allowing full diversification across the 48 portfolios, only one portfolio is classified as SSD portfolio efficient. Of course, it is the portfolio with the highest mean return. Comparing the results of SSD efficiency tests to that of DEA-risk models and we find three following results:
1. The SSD pairwise efficiency test identifies the largest set of efficient portfolios (5 from 48) and all seven other efficiency sets are its subsets. 2. The efficiency classification given by VRS DEA-risk models (with or without mean absolute lower semideviation) coincides with that of convex SSD efficiency test. 3. Diversification consistent DEA-risk model as well as SSD portfolio efficiency test classify as efficient only the portfolio with the highest mean return.
Conclusions
In this paper we analyzed the efficiency of 48 US representative industry portfolios using two various approaches: stochastic dominance efficiency and DEA-risk efficiency. We identified efficient portfolios with respect to: constants return to scale DEA-risk model, variable return to scale DEA-risk model, diversification consistent DEA-risk model as well as SSD pairwise efficiency criterion, convex SSD efficiency criterion and (full) SSD portfolio efficiency criterion. Following Branda and Kopa (2012) , we constructed DEA-risk models based on classical DEA model of Charnes, Cooper and Rhodes (1978) , where CVaR at few particular levels and mean absolute lower semivariance which quantify the risk are used as inputs, and mean return is used as the output. Contrary to Branda and Kopa (2012) , we considered also DEA-risk models with variable return to scale and diversification consistent DEA-risk models. Moreover, we compare the results with findings of SSD pairwise efficiency test, convex SSD efficiency test and SSD portfolio efficiency test.
Starting with DEA-risk models we found that VRS DEA-risk models identified 4 efficient portfolios while the CRS and DC DEA-risk models classifies as efficient only one of them. While DC DEA-risk model simply identified the portfolio with the highest mean return, the CRS DEA-risk model classifies as efficient another portfolio that has the smallest risk compared to the mean return. Moreover, mean absolute lower semideviation as the input in the VRS and CRS DEA-risk models proves to have a marginal impact on DEA-risk efficiency scores. Applying SSD efficiency test we eliminated five portfolios that can be seen as SSD efficient using at least one SSD efficiency test. All these portfolios proved to be SSD pairwise efficient, but only four of them also convex SSD efficient. Moreover, the four convex SSD efficient portfolios are the same as VRS DEA-risk efficient ones (no matter if mean absolute lower semideviation is included or not). The strongest SSD portfolio efficiency criterion classifies only the portfolio with the highest mean return as SSD portfolio efficient what coincides with the results of the DC DEA-risk models.
Although this study shows nice connections between two different efficiency approaches, both are suffered by high sensitivity to changes in scenarios. Unfortunately, a small error in the scenarios can completely change the efficiency classification: the inefficient portfolio may become efficient and vice versa. Therefore, one can enrich this methodology by the robustness and stability analysis following e.g. Kopa (2010) , Branda and Dupačová (2012) or Dupačová and Kopa (2012) . Moreover, one can similarly use first-order stochastic dominance (see Bawa et al. (1985) , Kopa and Post (2009) ) or third-order stochastic dominance (see e.g. Whitmore (1970) , Gotoh and Konno (2000) , Branda (2011) ) instead of considered second-order one. Finally, a comparison to mean-risk efficiency can be done similarly as in Kopa (2011) . In future research, we will address sample approximation technique, see Branda (2012) , to handle the tests with multivariate continuous distribution of asset returns.
